We analyze some consequences of two possible interpretations of the action of the ladder operators emerging from generalized Heisenberg algebras in the framework of the second quantized formalism. Within the first interpretation we construct a quantum field theory that creates at any space-time point particles described by a qdeformed Heisenberg algebra and we compute the propagator and a specific first order scattering process. Concerning the second one, we draw attention to the possibility of constructing this theory where each state of a generalized Heisenberg algebra is interpreted as a particle with different mass.
Introduction
A class of algebras which is a generalization of the Heisenberg algebra has recently been constructed [1, 2] . These algebras are characterized by functionals depending on one of their generators, that are called the characteristic functions of the algebra. When this functional is linear with slope θ this algebra turns into a q-oscillator algebra [3] , being θ related to the deformation parameter as q 2 = tan θ. It is worth noticing that when this functional is a general polynomial we obtain the so-called multiparametric deformed Heisenberg algebra.
In what concerns their physical interpretation, these generalized algebras describe the Heisenberg-type algebras of one-dimensional quantum systems having arbitrary successive energy levels given by ǫ n+1 = f (ǫ n ) where f (x) is the characteristic function of the algebra [4] . As examples we can mention the non-relativistic [4] and relativistic [5] square-well potentials in one-dimension and the harmonic oscillator on a circle [6] . It is also interesting to mention that the representations of the algebra for a general characteristic function were constructed studying the stability of the fixed points of this function and of their composed functions [2] . Heisenberg algebra is an essential tool in the second quantization formalism because their generators create and annihilate particle states. In the generalized Heisenberg algebras the generators of the algebra are also ladder operators constructing all different energy levels of a one-dimensional quantum system from a given energy level. As in the generalized case the energy difference of any two successive levels is not equal, two possible interpretations of the action of the ladder operators come out. In the first interpretation we have one similar to that in the harmonic oscillator case, but with the difference that the total energy of n particles is not equal to n times the energy of each particle while in the second interpretation we associate particles with different masses to different energy levels.
It then seems natural to investigate the possibility of extending these interpretations of the ladder operators of generalized Heisenberg algebras in the framework of the second quantized formalism. In this paper we start the analysis of the harmonic oscillator-like interpretation. We construct a QFT having fields that produce at any space-time point, particles satisfying a q-deformed Heisenberg algebra and we start the analysis of the perturbation theory for this case. The interest in this QFT comes from the fact that creation and annihilation operators of correlated fermion pairs, in sim-ple many body systems, satisfy a deformed Heisenberg algebra that can be approximated by q-oscillators [7] . In section 2, we summarize the generalized Heisenberg algebras; in section 3 we implement a physical realization of a one-parameter deformed Heisenberg algebra. In section 4, the quantum field model following the harmonic oscillator-like interpretation is presented. The propagator and a specific first order scattering process are computed. In section 5, we discuss the possibility of constructing a QFT where each state of its Hilbert space, which is created by the ladder operators of the associated generalized Heisenberg algebra, is interpreted as a particle with different mass. We end this section with some conclusions.
Generalized Heisenberg algebras
Let us consider an algebra generated by J 0 , A and A † and described by the relations [2] 
where † is the Hermitian conjugate and, by hypothesis, J † 0 = J 0 and f (J 0 ) is a general analytic function of J 0 . It is simple to show that the generators of the algebra trivially satisfy the Jacobi identity [6] . Using the algebraic relations in eqs. (1-3) we see that the operator
being thus a Casimir operator of the algebra. We analyze now the representation theory of the algebra when function f (J 0 ) is a general analytic function of J 0 . We assume we have an ndimensional irreducible representation of the algebra given in eqs. (1) (2) (3) . We also assume that there is a state |0 with the lowest eigenvalue of the Hermitian operator J 0
For each value of α 0 we have a different vacuum, thus a better notation could be |0 α 0 but, for simplicity, we shall omit subscript α 0 . Let |m be a normalized eigenstate of J 0 ,
Applying eq.
(1) to |m we have
Thus, we see that A † |m is a J 0 eigenvector with eigenvalue f (α m ). Starting from |0 and applying A † successively to |0 , we create different states with J 0 eigenvalue given by
where f m (α 0 ) denotes the m-th iterate of f . Since the application of A † creates a new vector, respective J 0 eigenvalue of which has iterations of α 0 through f augmented by one unit, it is convenient to define the new vectors (A † ) m |0 as proportional to |m and we then call A † a raising operator. Note that
where m denotes the number of iterations of α 0 through f . Following the same procedure for A, applying eq. (2) to |m + 1 , we have
showing that A |m + 1 is also a J 0 eigenvector with eigenvalue α m . Then, A |m + 1 is proportional to |m , being A a lowering operator. Since we consider α 0 the lowest J 0 eigenvalue, we require that
As shown in [1] , depending on function f and its initial value α 0 , J 0 eigenvalue of state |m + 1 may be lower than that of state |m . Then, as shown in [2] , given an arbitrary analytical function f (and its associated algebra in eqs.
(1-3)) in order to satisfy eq. (12), the allowed values of α 0 are chosen in such a way that the iterations f m (α 0 ) (m ≥ 1) are always bigger than α 0 ; in other words, eq. (12) must be checked for every function f , giving consistent vacua for specific values of α 0 .
As proven in [2] , under the hypothesis stated previously 1 , for a general function f we obtain
where
Note that for each function f (x) the representations are constructed by the analysis of the above equations as done in [2] for the linear and quadratic f (x).
As shown in [2] , where the representation theory was constructed in detail for the linear and quadratic functions f (x), the essential tool in order to construct representations of the algebra in (1-3) for a general analytic function f (x) is the analysis of the stability of the fixed points of f (x) and their composed functions.
We showed in [4] that there is a class of one-dimensional quantum systems described by these generalized Heisenberg algebras. This class is characterized by those quantum systems having energy eigenvalues written as
where ǫ n+1 and ǫ n are successive energy levels and f (x) is a different function for each physical system. This function f (x) is exactly the same function that appears in the construction of the algebra in eqs. (1) (2) (3) . In the algebraic description of this class of quantum systems, J 0 is the Hamiltonian operator of the system, A † and A are the creation and annihilation operators. This Hamiltonian and the ladder operators are related by eq. (4) where C is the Casimir operator of the representation associated to the quantum system under consideration.
Deformed Heisenberg algebra and its physical realization
In this section we are going to discuss the algebra defined by the relations given in eqs. (1-3) for the linear case, i.e., f (J 0 ) = r J 0 + s, s > 0 [2] . Furthermore, we shall also propose a realization, as in the case of the standard harmonic oscillator, of the ladder operators in terms of the physical operators of the system.
The algebraic relations for the linear case can be rewritten, after the
where [a, b] r ≡ a b − r b a is the r-deformed commutation of two operators a and b.
It is very simple to realize that, for r = 1 the above algebra is the Heisenberg algebra. In this case the Casimir operator given in eq. (4) is null. Then, for general r the algebra defined in eqs. (17-19) is a one-parameter deformed Heisenberg algebra and generally speaking the algebra given in eqs. (1-3) is a generalization of the Heisenberg algebra.
It is easy to see for the general linear case that For infinite-dimensional solutions we must solve the following set of equations: N with matrix representations
(24) Note that for type I solutions the eigenvalues of J 0 , as can be easily computed from eqs. (13) and (10), go to infinite as we consider eigenvectors |m with increasing value of m. Instead, for type II solutions the eigenvalues go to the value 1/(1 − r), the fixed point of f , as the state |m increase.
It is easy to see that there is a direct relation between the linear Heisenberg algebra given in eqs. (17-19) and the standard q-oscillators. In fact, defining [2] 
we see that a, a † and N satisfy the usual q-oscillator relations [3]
Note that Heisenberg algebra is obtained from (25-27) for q → 1 and α 0 = 0. The next step we have to take is to realize the operators A, A † and J 0 in terms of physical operators as in the case of the one-dimensional harmonic oscillator, and as it was done in [4] and in [5] for the square-well potential. To do this, we briefly review the formalism of non-commutative differential and integral calculus on a one-dimensional lattice developed in [8] and [9] . Let us consider a one-dimensional lattice in a momentum space where the momenta are allowed only to take discrete values, say p 0 , p 0 + a, p 0 + 2a, p 0 + 3a etc, with a > 0.
The non-commutative differential calculus is based on the expression [8] , [9] [p, dp] = dp a ,
implying that
for all functions f and g. We introduce partial derivatives as
where the left and right discrete derivatives are given by
that are the two possible definitions of derivatives on a lattice. The Leibniz rule for the left discrete derivative can be written as,
with a similar formula for the right derivative [8] . Let us now introduce the momentum shift operators
that shift the momentum value by a
and satisfies
where1 means the identity on the algebra of functions of p.
Introducing the momentum operator P [8] (
we have
Integrals can also be defined in this formalism. It is shown in ref. [8] that the property of an indefinite integral
suffices to calculate the indefinite integral of an arbitrary one form. It can be shown that [8] for an arbitrary function f dp f (p) =
where [p/a] is by definition the highest integer ≤ p/a.
All equalities involving indefinite integrals are understood modulo the addition of an arbitrary function periodic in a. The corresponding definite integral is well-defined when the length of the interval is multiple of a. Consider the integral of a function
Using eq. (45), an inner product of two (complex) functions f and g can be defined as
where * indicates the complex conjugation of the function f . The norm f , f ≥ 0 is zero only when f is identically null. The set of equivalence classes 2 of normalizable functions f ( f , f is finite) is a Hilbert space. It can be shown that [8] f, T g = T f, g ,
where T † is the adjoint operator of T . Eqs. (39) and (48) show that T is a unitary operator. Moreover, it is easy to see that P defined in eq. (40) is an Hermitian operator and from (48) one has
Now, we go back to the realization of the deformed Heisenberg algebra eqs. (17-19) in terms of physical operators. We can associate to the oneparameter deformed Heisenberg algebra in eqs. (17-19) the one-dimensional lattice we have just presented.
Observe that we can write J 0 in this case as
where P is given in eq. (40) and its application to the vector states |m appearing in (13-15) gives [4] P |m = m a |m , m = 0, 1, · · · ,
where we can write N = P/a with N|m = m|m . Moreover,
whereT and T =T † are defined in eqs. (35-39). With the definition of J 0 given in eq. (50) we see that α n given in eq. (10) is the J 0 eigenvalue of state |n as we wanted. Let us now define
where,
where α 0 , defined in eq. (6), is the lowest J 0 eigenvalue. Yet, note that eqs. (41-42) can also be rewritten as
It is easy to realize that A, A † and J 0 defined in eqs. (50, 53-55) satisfy the one-parameter deformed algebra given in eqs. (17-19) . Consider firstly the relation between J 0 and A † ,
where α N is α m = f m (α 0 ) in eq. (20) with the operator N in place of variable m. In (58) we have used the realizations in the first equality of the above equation and in the second one we have used eq. (57). But, from eq. (10) α N +1 = f (α N ) = f (J 0 ) thus we obtain,
that is, eq. (1) for f (x) linear. Eq. (2) is the Hermitian conjugate of eq. (1), then its proof using eq. (54) and (50) is similar to the previous one. Now, using
for linear f (x), that has the property given in eq. (10), we get eq. (3) for f (x) linear and the proof is complete.
Note that the realization we have found, as shown in eqs. (53, 54 and 50), is qualitatively different from the realization of the standard harmonic oscillator. This shows that the realization of the ladder operators for the harmonic oscillator means that the deformation parameter r = 1 is a special case.
A deformed quantum field theory
We are going to discuss in this section a QFT having as excitations objects described by the one-parameter deformed algebra given in eqs. (17) (18) (19) . In this QFT the mass spectrum consists of only one particle with mass m. In this case the energy of n particles is not equal to n times the energy of one particle and therefore the energy does not obey the additivity rule. This non-additivity comes from the fact that q-oscillators approximately describe correlated fermion pairs in many body systems [7] . The advantage of this construction is that, being a deformation, we can make a contact with the well-known non-deformed model in all steps of the computation by taking the deformation parameter going to one.
In the momentum space appropriated to the realization of the deformed Heisenberg algebra we discussed, besides the operator P defined in eq. (40), one can define two self adjoint operators as
where ∂ p and∂ p are the left and right discrete derivatives defined in eqs. (32, 33). It can be checked that operators P , χ and Q generate the following algebra on the momentum lattice:
To construct a QFT based on these operators let us now introduce a three-dimensional discrete k-space,
with l i = 0, ±1, ±2, · · · and L i being the lengths of the three sides of a rectangular box Ω. We introduce for each point of this k-space an independent copy of the r-deformed harmonic oscillator constructed in the last two previous sections so that the deformed operators commute for different three-dimensional lattice points. We also introduce an independent copy of the one-dimensional momentum lattice defined in the previous section for each point of this k-lattice so that P † k = P k and T k ,T k and S k are defined by means of the previous definitions, eqs. (35-36 and 55), through the substitution P → P k .
It is not difficult to realize that
satisfy the algebra in eqs. (17-19) for each point of this k-lattice and the operators A † k , A k and J 0 ( k) commute among them for different points of this k-lattice. Now, we define operators χ and Q for each point of the three-dimensional lattice as
such that χ † k = χ − k and Q † k = Q − k , exactly as it happens in the construction of a spin-0 field for the spin-0 quantum field theory [11] . By means of χ k and Q k we define two fields φ( r, t) and Π( r, t) as
where ω( k) = k 2 + m 2 , m is a real parameter and Ω is the volume of a rectangular box. Another momentum-type field ℘( r, t) can be defined as
By a straightforward calculation, we can show that the Hamiltonian
where u is an arbitrary number, can be written as
In order that the energy of the vacuum state becomes zero we replace H in eq. (77) by
Note that in the limit q → 1 (α 0 → 0), the above Hamiltonian is proportional to the number operator. Furthermore, as can be seen from eqs. (78) and (79) the energy of this system is non-additive. The non-additivity of a free system is not new in field theory, for instance the energy of non-topological solitons has this property (see chapter 7 in [11] ). In the present case, this nonadditivity of the energy comes from the fact that q-oscillators approximately describe correlated fermion pairs in many-body systems [7] . The eigenvectors of H form a complete set and span the Hilbert space of this system, they are
where the state |0 satisfies as usual A k |0 = 0 (see eq. (12)) for all k and
for each k satisfy the q-deformed Heisenberg algebra eqs. (17-19). The time evolution of the fields can be studied by means of Heisenberg's equation for A † k , A k and S k . Define
and
Thus, using eqs. (77 or 79) and (17-19) we obtain
We can solve Heisenberg's equation for the q-deformed case obtaining
Note that for q → 1 and u = 0 we have h(N k ) → 1 and eq. (84) gives the correct result for this undeformed case. It is not difficult to realize, using eqs. (17-19) , that for this linear case we have (
Taking the Hermitean conjugate of eq. (84) and using the result just mentioned we have
giving also the correct undeformed limit. Furthermore, we easily see that operators P k and S k are time-independent. We emphasize that the extra term, h(N k ), in the exponentials depends on the number operator, being this the main difference from the undeformed case. The Fourier transformation eq. (73) can then be written as
A k in eq. (87) is time-independent and α( r, t) † is the Hermitean conjugate of α( r, t).
The Feynman propagator D N F (x 1 , x 2 ) defined, as usual, as the DysonWick contraction between 3 φ(x 1 ) and φ(x 2 ), can be computed using eqs. (17-19 and 86-87) being
where ∆t 12 = t 1 − t 2 , ∆ r 12 = r 1 − r 2 , the minus sign in the exponent holds when t 1 > t 2 and the positive sign when t 2 > t 1 . Note that when q → 1, h(N k ) → 1 and S k (N + 1)
2 − S k (N) 2 → 1, the standard result for the propagator is recovered. It is also simple to obtain the following integral representation for the Feynman propagator
where in the second part of the right hand side of the above equation we have the first part with N → N − 1. Again, note that the q → 1 limit of the integral representation of the above Feynman propagator gives the usual propagator. We point out that this propagator is not a simple c-number since it depends on the number operator N.
We shall now discuss the first order scattering process 1
where the initial state is
and the final state is
Note that when q → 1 we have h → 1,
, u = 0 and eq. (96) becomes the standard undeformed result [11] . In order to compute the matrix element of S to second order in λ we must generalize Wick's theorem since the Feynman propagator in this case depends on the number operator. We hope to report on this computation in a near future.
Towards a multi-particle QFT
In the last section we constructed the propagator and the matrix element of the S-matrix to first order of the coupling constant of a q-deformed spin-0 QFT. We stress that we considered a q-deformed Heisenberg algebra and the quantum mechanics was taken as being the standard one. The advantage of studying a deformed system is that we can make a contact with the nondeformed one in all steps of the computation.
In this section we are going to discuss the possibility of constructing a QFT interpreting each state of a generalized Heisenberg algebra as a particle with a different mass. We consider a Heisenberg algebra, generators of which are given as
where V (x) is a general function of x, and T , P are defined in eqs. (36, 40), respectively, and S(P ) 2 = J 0 − m q . In the special case where V (P ) = P 2 we have the relativistic square-well algebra discussed in [5] .
Let us associate to each point of the discrete k-space, defined in the previous section, an independent copy of the one-dimensional momentum lattice defined in section 3 for each point of this k-lattice so that P † k = P k and T k ,T k and S k are defined by means of the previous definitions, eqs. (35-36 and 55), through the substitution P → P k . Then, we can define for each point of this lattice a Heisenberg algebra as
where S(P k ) 2 = J 0 ( k) − k 2 + m 2 q . The Hilbert space of the associated QFT is spanned by the vectors
Notice that the state (A † k ) n |0 has J 0 ( k) eigenvalue given by k 2 + V (an) + m 2 q , being interpreted as the energy state of a particle with mass V (an) + m 2 q . Thus, the associated interacting QFT would describe particles with mass spectrum V (an) + m 2 q , with n = 1, 2, · · ·, unified by the generalized Heisenberg algebra under consideration. The possibility of having a QFT unifying a spectrum of particles of different masses is appealing with potential application in hadronic phenomenology. There are some points to be understood before developing such QFT as for instance Lorentz invariance, that plays an important role in a theory describing relativistic particles. We hope to develop this point and to report on such QFT in a near future.
